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G. A. Dirac gives a necessary arc family condition for a graph to be fz-vertex 
connected. The converse of this theorem of Dirac is false. Mesner and Watkins 
obtained partial results for additional conditions that the converse be true. 
A graph G which satisfies Dirac’s arc family condition is now completely cIassified 
in terms of the order of V(G), the structure of parts of minimum cutsets of G and 
consequent lower bounds for vertex-connectivity of G. Examples show that all 
lower bounds are best possible. SeveraI distinct extensions of Whitney’s necessary 
and sufficient condition for a graph to be n-vertex connected also appear as 
corollaries. Finally, examples are presented to show a graph which satisfies a 
given n-family arc condition. However, the same graph does not satisfy a very 
similar (n - l)-family arc condition where exactly one arc has been eliminated 
from the statement of the original n-family arc condition. 
1. INTRODUCTION 
In this paper, G denotes a finite undirected graph without loops and 
multiple edges. The degree of vertex-connectedness of G becomes of interest 
if it is known that a given configuration of an ~-family of arcs exists between 
any two disjoint vertex subsets of G which contain given numbers of end 
points. 
Whitney [8] gave a specific a-family arc condition having two singleton end 
points which is both necessary and sufficient for G to be n-vertex connected. 
Dirac [l] followed this by stating a generalized n-family arc condition which 
is necessary, but insufficient, for G to be n-vertex connected. Mesner and 
Watkins [4] began a study of additional conditions which together with 
Dirac’s generalized condition would be sufficient for G to be a-vertex con- 
nected. This paper extends the investigation of Mesner and Watkins. A 
* Contains portions of the dissertation submitted in partial fulfillment of the require- 
ments for the degree of Doctor of PhiIosophy, Syracuse University, 1972. The dissertation 
was under the direction of Dr. Mark E. Watkins, Mathematics Department, Syracuse 
University. 
267 
0095~8956/78/0243-0267$02.00/O 
Copyright 0 1978 by Academic Press, Inc. 
All rights of reproduckn in zany form reserved. 
268 ALWIN C. GREEN 
graph G which satisfies Dirac’s generalized n-family arc condition is now 
classified with regard to structural features. 
2. PRELIMINARIES 
The vertex set of G and the edge set of G are denoted, respectively, V(G) 
and E(G). Tk assertion that B is a subgraph of G is denoted H C G, If 
U C V(G), then the section subgraph G(U) has vertex set U; and edge 
e E E(G(U)) if and only if e e E(G) and both end points of e belong to U. 
In general, the terminology is that of Qre [5], but particular definitions 
are stated here for completeness. An arc is a sequence of distinct edges such 
that each pair of consecutive edges share a common vertex; and no vertex 
shall appear more than once except possibly as the initial and terminal end 
points of the arc. For disjoint X, Y G V(G), an arc with one arc end point 
belonging to X and the other arc end point belonging to Y is said to be an 
XY-arc. If X = {xl, we write xY-arc rather than {x}Y-arc. An n-family of 
XY-arcs is said to be openly disjoint if the arcs are pairwise disjoint with 
respect to vertices and edges except possibly at common end points of arcs. 
A graph G is connected if for any x, y E V(G) there exists an xy-arc. A graph 
G is n-vertex connected if 1 V(G) 1 > n + 1 and section subgraph G( V(G) - Q) 
is connected for every Q G V(G) such that 1 Q ] < n - 1. The vertex con- 
nectivity of G, denoted K(G), is the maximal value of n for which G is n-vertex 
connected. 
For a connected graph G, a subset S c V(G) is called a cutset if section 
subgraph G(V(G) - S) is not connected. For X, Y c V(G), it is said that 
cutset S separates X and Y if X lies entirely within one component of 
G( V(G) - S) and Y lies entirely within a second distinct component. A cutset 
having cardinality K(G) is a minimum cutset. The class of all minimum cutsets 
of G is denoted C(G). Note that C(G) = !Z if and only if G is a complete 
graph. 
For S 6 C(G), a component P of C( V(G) - S) is called a part of G with 
respect to S. Then it is said that S admits part P. Each vertex of a minimum 
cutset C must be adjacent to at least one vertex of every part admitted by C; 
otherwise: the minimality of C is contradicted. It follows that a part P 
admitted by minimum cutset S is uniquely associated with that S E C(G). 
After Watkins [7, p. 241, we define 
p(G) = min{min{/ V(P)\ : P is a part of G with respect to S} : S e C(G).). 
Hence, p(G) is the smallest number of vertices of any part of G. A part P is 
called an atomic part if V(P) = p(G). 
Let B& denote the complete graph on n vertices and let [V(G)]a denote 
the Cartesian product of q copies of V(G). 
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The following definition is an extension of a definition by Meaner and 
Watkins [4, p. 3221. We define the graph property which is denoted by the 
symbol lVJZ1 ?.. ., lg ; k1 ,..., km): Let 1 V(G)1 > q + m and let Z1 ,. .., lQ and 
k km be two nonincreasing finite sequences of positive integers such that 
J$~~‘~~ = zyC1 kj = n. For any q-tuple of q distinct elements, (u,..., 4 E 
[V(G)]g, and for any n-z-tuple of nz distinct elements9 (bl ,..., bJ E [V(G)lm, such 
that ai + b$ for all i, j; there exists an openly disjoint n-family of AB-arcs, 
where A = {a1 ,..., CZ~} and B = {bl ,..., &}. Furthermore, Zi of these n arcs 
are aiB-arcs for i = l,..., q; and kj of these n arcs are Abi-arcs for j = 1,. .., m. 
It must be remarked immediately that if G satisfies E’(Z1 ,..., Zg ; kl,..., kJ, 
then this does not imply the existence of an aibd-arc for any particular 
selection of i and j among A and B. The graph property merely requires that 
at be the end point of some Zi arcs among the n-family of arcs, but the second 
end point of these Zi arcs is not specified among B. A symmetric statement 
is true for bj and kj . 
Given a particular pair of positive integer sequences Z1 ,..., ZQ and kl,..., km 
we denote the number of i for which Zi = t by at, and we denote the number 
of j for which kj = f by pt (t = I, 2, 3,. . .). For example, consider W&6,4,4, 
3, 1, 1, 1, 1; 5, 3, 2,2, 2,2, 2,2, 1). Then a1 = 4, CX~ = 0, CX~ = 1, Q = 2, 
= 1, CX~ = 0 for i > 7; and fil = 1, ,& = 6, /3z = I, pa = 0, 
i: ~~~~~=Oforj>6. 
If ZC > 2 (respectively kj > 2), then we say ai (respectively bJ, is a muZtz$Ze- 
arc endpoint of the openly disjoint n-family of AB-arcs. Notice also, 
as well as k Ii = f’ kj = n. 
i=l Cl 
Without loss of generality, the sequence of Z1 ,..., Zg may be interchanged 
with the sequence k1 ,..., km due to the symmetric nature of the definition. 
In terms of the above notation, the following important results have been 
previously obtained. 
THEOREM 2.1 [8, Theorem 71. A necessary and suficient condition that G 
be n-vertex connected is that G satisfy Wn(n; n). 
In the above theorem, q = m = 1 and both A and B are singleton sets. 
THEOREM 2.2 [l, Theorem BJ. Let G be a graph and Iet q, m, and n be 
positive integers such that K(G) 2 n and q + m < 1 V(G)l. Then G satisjies 
WnUl ,..., 4 ; k ,..., b,J. 
In Theorem 2.2, it is necessary to restrict q + m < [ V(G)] in order for 
(A u B) C V(G) and A n B = ~5. The converse of Theorem 2.2 is easily 
shown to be false by considering KS . It is seen that & satisfies ,wlC(4, 4,4, 4; 
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4,4, 4, 4) because any choice of LI, B C V(&) causes every vertex of A 
to be adjacent to all four vertices of B and vice versa. Each of the 16 required 
AB-arcs consists of a single edge. But K(&) = 7 < 16. 
Mesner and Watkins [4] began the study of additional conditions for the 
converse of Theorem 2.2 to be true by considering the following special case. 
Suppose that A is a singleton vertex and B contains at most one multiple-arc 
end point. Then q = 1, II = n, kl = n - m + 1, and either /31 = m or 
PI = in - 1. 
THEOREM 2.3 [4, Theorem 31. Let m < n be positive integers. A necessary 
and su@cient condition that G be n-uertex connected is that G satisfy Wfl 
(n; n - m + I, 1, I ,..., 1). 
For the arbitrary sequence kl ,..., km , Mesner and Watkins then proved a 
somewhat more general result. Recall that (HZ - PI) is the number of 
multiple-arc end points of B. 
THEOREM 2.4 14, Theorem 41. Let n be a positive integer and iet G satisfy 
Wn(n; kl ,..., km). If K(G) < n, then 
i VC@l <n - 3 + %n -Ah 
and 1 V(G)1 < 2n - 3, if n is even; 
and i V(G)1 < 2n - 4, zj-n is odd. 
COROLLARY 2.4.1 [4, Corollary 4.11. Let kl , kS ,..., km be such that 
XL1 kj = n. If either 1 V(G)\ > 2n - 2 or /31 2 m - 2, then a necessary and 
suficient condition that G satisfy Wn(n; kl ,..., kTJ is that G be n-vertex 
connected. 
The purpose of the following section is to extend the result of Theorem 2.4 
to all 1 < 1 A 1 < n and 1 < 1 B / < ti and to all sequences lI ,..., Zq and 
k I ,..., km where x Ii = x kj = n. This leads to several corollaries which are 
extensions of Theorems 2.1 and 2.3. An extension of Corollary 2.4.1 is made 
to classify entirely a graph which satisfies Wn(ll ,..., lQ ; kl ,..., kTm). 
3. OPENLY DISJOINT FAMILIES 
The proofs of Theorems 2.3 and 2.4 pivot on the fact that i A i = I. Thus 
A = {al can be chosen to belong to the vertex set of an atomic part P of G 
with respect to some S’ E C(G). Then the vertices of B can be chosen to have 
as many as possible contained in parts distinct from P which are admitted by 
the same Se C(G). This is followed by a counting argument to establish 
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the minimum number of vertices in S which must exist as intermediate vertices 
of aB-arcs. 
Several new definitions are useful to extend this counting argument to the 
general case of Wn(lI ,..., la ; kl ,..., km). Suppose C E C(G). The symbol 
( V1 , V& denotes a partitioti of the set of parts of G with respect to C. Define 
(VI , V& to be an ordered pair of subsets of V(G) such that (i) VI n Vz = D 
and VI u V2 = V(G) - C; (ii) each section subgraph G(VJ, (i = I, 2), is 
precisely a union of a subset of parts of G with respect to C; (iii) 
(1 v2, I - I VI II 2 0. 
Clearly, (VI , V& need not be unique in G; for example, if C admits 
exactly three isomorphic parts of G. Furthermore, for any (VI , V& , 
Suppose (VI , V&. is found for SE C(G) and G satisfies Wn(ZI ,..., Zq ; 
k 1 ,..., km) and it is possible to choose A c VI and B c Vz . It is immediate 
that S contains at least FZ elements which serve as intermediate vertices of the 
openly disjoint n-family of AB-arcs. This paper henceforth considers the 
cases where it is not possible for both A c VI and B c V2 for any (VI , V& . 
Without loss of generality, we might assume q < m and 1 A 1 < 1 B [ for 
J+‘nK ,..., 4 ; k ,.-., km). Then it is of interest whether any SE C(G) is such 
that (VI , V.& has 1 VI 1 > 1 A 1. Accordingly, we define 
h(@ = max{[ VI [: S E C(G) and VI is the first cell of (VI , V&}. 
An arbitrary SE C(G) need not admit (VI, V2)s such that 1 VI 1 = h(G). Since 
every part of G has at least p(G) vertices, then 12(G) > p(G) 2 I. Note, also, 
that h&J is undefined since C(KJ = @ . 
There is a very useful lower bound for 1 Vi u S 1 of (VI , V& , (i = 1,2), 
when G satisfies Wn(lI ,..., lq ; kI ,..., k,J. 
LEMMA 3.1. Let~V(G)]>q+mandZetGsatisfyWn(Zl ,..., lg;kl ,..., km), 
Let S E C(G). Then every (VI , V& satisjies both 
any 01 I Vi1 +lSl >~+~~~~L~-l &II; 
@I I 6 I + I S I 2 m + ma@L q - I 6 II; 
for i, j = I, 2; i + j. 
ProoJ Suppose m > / Vi 1 + [ S 1 = t; (i = I, 2). Suppose that bI E VI 
and {b2 , b3 ,..., be} c (S u VJ. Then bI is adjacent only to other vertices 
of B. It follows that blA-arcs do not exclude all other vertices of B and this 
contradicts Wfi(ZI ,..., lq ; kI ,..., km). Hence, m < 1 Vi 1 + 1 S 1 - I, (i = I, 2). 
Similarly, q < 1 Vi 1 + 1 S 1 - 1, (i = 1,2). Since 1 VI 1 + 1 S 1 + [ V2 1 = 
I U(3l 2 m + q, d-m I VI I + I S I 2 .w + q - 1 Vz I, and [ Vz 1 + [ S 1 2 
m + q - 1 VI 1. The result now follows. 
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It is now possible to prove a theorem for the general case of WJll ,..., IQ ; 
k,..., km) which extends Theorem 2.4. This theorem and corollaries establish 
that if G satisfies W,.& ,..., IQ ; kl ,..., k& then G falls in exactly one of the 
following classes: 
(i) G is a-vertex connected; 
(ii) K(G) < n - l5 and 1 V(G)] is relatively not much greater than 12; 
(iii) K(G) < n - 1, and every SE C(G) separates G into a single large 
part together with some small parts wherein the union of all small parts 
contains fewer vertices than either -4 or B. 
Recall that a1 is the number of elements of A which are end points of a 
single arc of the openly disjoint n-family of M-arcs. Thus, q - a1 is the 
number of elements of A which are multiple-arc end points. Similarly, 
m - /$ is the number of multiple-arc end points of B. 
THEOREM 3.1. Let 1 V(G)1 > q + m und let G satisfy W& ,..., I* ; 
k 1 ,..., knl. 
(i) If there exists S E C(G) and ( VI , VJs such that 1 V1 1 2 min{q - a1 , 
m - A> mm! I V2 I 2 rn=lq - ml, m - ,Q, then G is n-vertex connected. 
(ii) If /z(G) > min{q - al , m - /$}, then either G is n-vertex connected 
or ] V(G)] < n + 2 max{q - a1 , m - /Q - 3. 
?roo$ (i) §uppose q - c+ < m - p1 , Suppose S E C(G) and (V1 , V& 
are such that 1 VI 1 > q - a1 and 1 Vz 1 > m - & . Recall that A’ = 
la1 , 4 ,..., +a%} comprises the set of multiple-arc end points of A. This is 
because 1 1 ,..., &, is a nonincreasing sequence and there are q - a1 multiple-arc 
end points of A. Similarly, B’ = {bl ,..., bmbB1} comprises the set of multiple-arc 
end points of B. 
By supposition, we can choose A’ c Vl and B’ L Vg . Next, we choose as 
many as possible of singleton-arc end points of (A - A’) = {L+~~+~ ,..., au} to 
belong to Vl . By Lemma 3.1(i), the remainder of (A - A’) can be chosen to 
belong to S. Thus A c (Vl u S). Similarly, we choose as many as possible of 
(B - B’) to belong to Vz . By Lemma 3.1 (ii), the remainder of (B - B’) can 
be chosen in S. Hence, B c (Vs u S). Altogether, S contains no multiple-arc 
end point of (A u B). 
Then each AB-arc with one arc end point belonging to (Vl n A) also 
contains a distinct element of S - A. This is because S contains no multiple- 
arc end points of B. Each arc with an end point belonging to S n A contains 
a distinct element of S since S contains no multiple-arc end points of A. 
Hence, S contains at least one distinct element for each arc of the openly 
disjoint n-family of AB-arcs. 
A symmetric result obtains if m - p1 < q - a1 , and the result follows. 
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(ii) Suppose q - fxI < m - /II , so h(G) > q - a1 by hy:pothesis. Let 
§ E (G) be such that (V1 , VJs has ] V1 1 = k(G). If 1 Vz [ > (m - ,&), then G 
is n-vertex connected by Theorem 3.1(i). Suppose [ Vz 1 < (m - PI) - 1 and 
G is not n-vertex connected. Since ~ VI 1 < 1 Vz 1, it follows that 1 V(G)1 = 
I V(G)1 = I VI I + I ,s’ I + I Vx I < b - ,&I - 1 + (a - II+ tm - ,&I - 1 = 
n + 2(m - pJ - 3. 
If m - PI < 4 - aI , then a similar argument shows that 1 P’(G)1 < 
n + 2(q - CQ) - 3. The result now follows. 
The first corollary includes the results of both Theorems 2.1 and 2.3. 
This corollary considers the case that A and B each contain at most one 
multiple-arc end point in possible conjunction with some singleton-arc end 
points. In this case, a1 = q or O!~ = q - 1 and ,81 = m or /& = m - I. 
Also, I2 = Is = .a. =&=l =kz=ks=...=kmregardlessofZiandkl. 
Notice that several corollaries consider all graphs whereas Theorem 3.1 
considers only incomplete graphs. 
COROLLARY 3.1 .l . Let q < n and m < n be positive integers such that 
] V(G)] > q + m. A necessary and sujjicient condition that G be n-vertex 
connected is that G satisfy Wm(n - q + 1, 1, l,..., 1; n - m + 1, 1, l,..., 1) 
suchthatO~q-~I~landO~m-j3~~l. 
ProojI Let G satisfy W&I - q + 1, l,..., 1; n - m + 1, l,..., 1). Suppose 
C(G) + a. Any S E C(G) has (VI, VJS such that 1 Vz 1 > 1 VI 1 > h(G) > 
p(G) 2 1. By hypothesis, q - a1 < 1 and m - /31 < 1; so G is n-vertex 
connected by Theorem 3.1(i). 
Suppose G is a complete graph. If n - q + 1 < m, then E + 1 < q + 
m < 1 V(G)/ and complete graph G is at least n-vertex connected. If Z1 = 
n - q + 1 > m, then aI may have at most m-single edge a&arcs. The 
remaining (n - q + 1) - m arcs from aI to B must each contain at least 
one distinct vertex which serves as an intermediate of an a&arc which 
consists of at least two edges. It follows that 1 V(G)] > q + m + 
(n - q + 1) - m = n + 1, so complete G is at least n-vertex connected. 
Let G be n-vertex connected. Then G satisfies Wn(n - q + 1, 1 ,..., 1; 
n - m + 1, l,..., 1) by Theorem 2.2. 
In the case, q = n = m, Corollary 3.1.1 includes an independent proof 
of a result previously reported by Harary [3]. 
The next corollary assumes a lower bound for V(G) and a,lso for h(G) 
where h(G) is defined. Then there arises a necessary and sufficient condition 
that G be n-vertex connected. 
COROLLARY 3.1.2. (i). Let G be such that ] V(G)1 > q + m. Let Wn 
VI ,..., 4 ; k ,..., km) be such that h(G) > min{q - aI, m - ,&} and 1 V(G)] > 
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n + 2 max{q - al, m - ,&I - 2. Then a necessary and suficient condition 
that G be n-vertex connected is that G satisfy Wn(ll ,..., IQ ; kl ,..., km). 
(ii) Let complete G be such that 1 V(G)1 2 q + m. Let Wn(Zl ,..., lg ; 
k l ,..., km) be such that 1 V(G)1 2 n + 2 max{q - aI, WI - fix} - 2. Then a 
necessary and suficient condition that G be n-vertex connected is that G 
satisfy Wn(ll ,..., lq ; kl ,..., km). 
ProoJ (i) Let G be n-vertex connected. Then G satisfies Wn(ll ,..., lg ; 
k 1 ,..., km) by Theorem 2.2. 
Let G satisfy W& ,..., lq ; kl ,..., km). Suppose G is not complete. By 
hypothesis, lz(G) > min{q - al , PZ - ,%} and I V(G)1 > n + 2 max{q - al , 
m - /3J - 2. It follows from Theorem 3.l(ii) that G is n-vertex connected. 
(ii) If G is n-vertex connected, then G satisfies Wn(ll ,..., lg ; kl ,..,, km) 
by Theorem 2.2. 
If max{q - a1 , m - /3i} < 1, then G is n-vertex connected by Corollary 
3.1 .l. If max{q - CQ , m - ,Q > 2, then 1 V(G)1 > n + 2(2) - 2 = n + 2, 
and complete G is at least (n + l)-vertex connected. 
The following corollary considers the case where one set of end points of the 
openly disjoint A&arc family contains at most one multiple-arc end point 
and the other set of end points contains exactly two multiple-arc end points. 
COROLLARY 3.1.3. Let G be such that 1 V(G)! > q + m. Let W,& ,..., lg ; 
k 1 >.*.> km) be such that q - 1 < CX~ < q and PI = m - 2. Then a necessary 
and sujicient condition for G to be n-vertex connected is that G satisfy 
W& ,. . .> 4 ; k ,. . ., k,J. 
ProoJ Let G be n-vertex connected. Then G satisfies FV&,...,lQ ; kl,..., km) 
by Theorem 2.2. 
Let G satisfy W& ,..., lg ; kl ,..., km). If there exists S E C(G) such that 
(VI, Vz)S has 1 VI 1 > 1 and 1 Vz 1 > 2, then G is n-vertex connected by 
Theorem 3.1(i). Suppose everys E C(G) has (V1 , V& with 1 V1 1 = 1 F’.. 1 = I. 
Choose aI E VI and bl E Vz and b2 E S for some (VI , V& . By hypothesis 
q - 1 < a1 < q, so every element of A n s is a singleton-arc end point of A. 
Since G is simple, there can exist at most one single-edge albz-arc. It now 
fohows that bl is adjacent to at least kI distinct elements of S - B and b2 is 
adjacent to at least (kS - I) distinct elements of ,!? - B in order for the 
openly disjoint n-arc family to exist. In addition, {b2 ,..., bm) C S. IIence, 
I S I 2 kl + (b - 11 + Cm - 11 = k + h + Cm - 2)= k + kg + A = n, 
since m - 2 = fll by hypothesis. 
Suppose G is a complete graph. There exists at most one single-edge 
albl-arc and at most one single-edge q1b2-arc. Since aI is the only possible 
multiple-arc end point of .4, then b1 must be adjacent to (kl - I) vertices 
distinct from (ul u B). Also, bz must be adjacent to (kz - 1) vertices distinct 
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from (a1 U B). IIence, 1 P’(G)1 > 1 a1 U B i + (kl - I) + (I&? - 1) = 
(1 + In) + kl + k2 - 2 = 1 + ,511 + k1 + k2 = 1 + n. Thus complete 
graph G is at least a-vertex connected. 
Together Corollaries 3.1.2 and 3.1.3 include Corollary 2.4. I. 
4. LOWER BOUND OF K(G) 
Corollaries 3.2.1 to 3.1.3 state necessary and sufficient conditions that any 
graph to be n-vertex connected. Concise proofs are given for these particular 
cases. However, the sufficiency argument for incomplete graphs may be 
extended to provide a generalized lower bound for vertex-connectivity. 
Suppose G satisfies Wfl(Zl ,..., Z@; kl,...,km)andK(G) <n - l.ByTheorem 
3.1(i), every (VI , V&s is such that it is impossible for all multiple-arc end 
points of A to be contained in Vt and all multiple-arc end points of B to be 
contained in Y? , i #j. Thus, some part P with respect to S is such that 
S u V(P) contains a multiple-arc end point of one set together with at least 
one element of the opposite set of arc end points. Hence, there is collapsing 
of the necessary number of AB-arcs which pass through S from VI to V2 . 
It is no longer true that every AB-arc contains a distinct element of S. In 
order to generalize the lower bound for K(G) then we count the reduction 
in necessary number of elements of S due to: 
(i) single-edge AB-arcs between multiple-arc end points of A and 
multiple-arc end points of B within section subgraph G(S); 
(ii) multiple-arc end points in S which have arcs running directly 
to adjacent vertices which are not elements of S. 
Consider a nonincreasing sequence of positive integers kl ,...!, km such that 
EL1 k$ = n. As usual, let p* be the number of j for which kj = t. Then 
Let NZ correspond to 1 Vi 1 for Vt belonging to some (VI , V& . Suppose 
NZ < wz - I. Consider that f(u) = xFEU /$ is a nonincreasing function in u 
ranging from j(1) = m to f(n) = fin < I. Hence, it is always possible to 
find a minimal positive integer s such that f(s) = zyZs ,&. < iVZ . By the 
minimality of ,Y, it follows that NZ < i(.r - 1) - 1. For such values of ,Y, we 
define nonnegative integer w = NZ - zyZs & . Then 0 < w < ,&-I - 1. 
By definition, x is the smallest positive integer such that woe can choose 
b1 c Vi for every kj 2 s. It follows that vv is then the maximum number of bj 
which can be chosen in Vi where kj = s - 1. All b, with kj < s - 2 must 
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be chosen outside Vi . In the case NZ > m, define w = 0 and s = 1. Finally, 
defineiW=NZ-mifN~~manddefineM=OifN~<n-1. 
§imilarly, we define r, t, Q for a nonincreasing sequence of positive integers 
I 1 ,..., Zg and positive integer N1 . Let N1 correspond to 1 Vi 1 for Vi belonging 
to Wl> VA-. %ppose N1 < q - I. Consider g(u) = xyZU a, a nonin- 
creasing function in 24 ranging from g(1) = q to g(n) = an < I. IIence, it is 
always possible to find a minimal positive integer r such that g(r) < N1 < 
g(r - 1) - 1. 
For such value of r, define t = N1 - xy=r a, . In the case N1 > q, define 
r = 1 and t = 0. Let Q = N1 - q in the case N1 > q and let Q = 0 when 
Nl <q - 1. 
These rather inelegant expressions for N1 and Ng are admitted in order to 
state a single unified theorem rather than many distinct but similar cases. 
To summarize, 
THEOREM 4.1. Let G sutisfy Wn(lI ,..., lg ; kI ,..., km) such that 1 V(G): > 
q + m. Suppose SE C(G) has VI, Vg c V(G) such that VI, Vz, and S are 
pairwise disjoint and V(G) = VI U S u Vz while no vertex of VI is aGacent 
to any vertex of Vz . Suppose for c, d = 1, 2(c # d) that 
I Vc I = i Q+ + t + Q and I Vd I = i pj + l4 + J,f, 
j=r j=s 
for r, t, s, w, Q, A4 as de3ned above. Then 
v-1 S-1 
K(G) 2 n - z (j - 1) aj - x (j - 1) flj + tr + ws - 2(t + w). (I) 
j=l j=l 
Remurk. The proof technique is an extension of the proof of Theorem 3.1. 
If ,s < 2 and r < 2, then K(G) > n by (I) above. This is precisely the statement 
of Theorem 3.1(i). Note that as r and s increase, the number of multiple-arc 
end points found in S must also increase; and the lower bound of (I) must 
rapidly decrease. Examples will be given to show that the bound of (I) is 
best possible. 
?roojI Let S E C(G) be as in the hypothesis so that 1 VO 1 > y and 1 Vd 1 > z 
for y = xyZP a, + t and z = xyZs /3, + w. Choose aI ,..., aV E Vc and choose 
b 1 ,.*a, bzgVd. If y<q-1 or z<m-1, then choose ag+I,...,aqES 
and b Z+l ,. .., bm e S by Lemma 3.1. 
There are xr=+. C+ multiple-arc end points of (A n VJ which each serve 
as the end point of at least r of the A&arcs. There are t multiple-arc end 
points of (A n VJ which each serve as the end point of exactly (r - 1) of 
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the D-arcs. There are xFzY ,6j multiple-arc end points of (B n VJ which 
each serve as the end point of at least s of the k&arcs. There are w multiple- 
arc end points of (B n V6) which each serve as the end point of exactly 
(S - 1) of the A&arcs. It follows that there are exactly xiLtj& - W(S - 1) 
of the M-arcs which have one end point belonging to (B n S). 
The openly disjoint n-family of M-arcs has exactly xyCY ja? + L(Y - 1) 
arcs with one end point belonging to {ul ,..., ~~1 C VC . Among this subset of 
A&arcs, at most zIli,j,Rj - W(S - 1) of these k&arcs have one end point 
belonging to B n 5’. Hence, at least xySY jaj + f(r - 1) - zj:t jpj - 
W(S - 1) of these arcs then contain a distinct vertex of S - (A u B) as an 
intermediate vertex of a (A n VJ-(B n VJ-arc. It follows that 
r-1 
= rz - x jcxj + t(r - 1) 
j=l 
In order to present exampfes, we define a certain class of graphs. Let 
19~ , Oz , & be any three positive integers and let G(O1 , Oz , &) denote a graph 
G as follows: 
Let V(G) = U1 U Uz U US ; 1 Ui 1 = 6i , (i = I, 2, 3); and Ul , Uz , U3 are 
pairwise disjoint. Form G(O1 , OS , I!?~) from the complete graph on UT u CJz u 
U3 by removing every edge of the complete graph which has one end point 
in Ul and the other end point in U3 . 
Note that Uz is the only minimum cutset of G(O1 , Oz , OS) since section 
subgraphs G(Ul u UJ and G(Uz U U3) are each complete. Hence, K(G(&$ , 
4 > a = &? * 
We now consider infinite families of graphs which demonstrate that the 
lower bound of (I) is best possible for K(G) < n - 1. Many types of examples 
are available, but only two of the more significant, yet contrasting, types 
are included here. Further examples are quite similar in construction. Both 
examples demonstrate equality in (I) for K(G) = PZ - 1 while G satisfies 
J+‘& ,..., 4 ; k >..., km) for arbitrarily large E. 
By way of contrast: 
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(i) Example 4.1 has V1i = 1 Vzi = q-al-l = W-j!&-1. 
Thus, each cell of the partition never contains all the multiple-arc endpoints 
of either A or 3. 
(ii) Example 4.2 has 1 VI 1 = q - ~~ - 1 = m - p1 - I and 1 Vz i = 
q - % = m - & . Thus, Vz may contain all the multiple-arc end points of 
say A, while V1 cannot contain all the multiple-arc end points of B. 
This particular pair of examples will also serve in Sections 5 and 6. Other 
obvious types of examples would include examples such as min{q - a1 , 
nt - PII < I vi i < I v2 I < ma$q - a1 , m -‘Q and i VI 1 < 1 Vz j < 
min{q - c+ , nz - ,&}. The argument that G satisfies Wn(Z1 ,..., lg ; k1 ,..., km) 
of the following examples may be found in the reference. The details of these 
arguments are straightforward and lengthy and are omitted here. 
EXAMPLE 4.1(i) [2, Example 2.1(i)]. 
n = 2k (k 2 3) 
G(k - I, 2k - 2, k - 1) satisiies Wzk(2 ,..., 2; 2 ,..., 2). 
q=m=k=m2=fl 2 IC(G) = 2k - 2 
cxi =& =O;(i#2) h(G) = p(G) = k - 1 
q- al = m - /31 = k = h(G) -+ 1 
The unique S e C(G) has [ S 1 = 2k - 2 and (VI, VJs has 
k - 1. Furthermore, /z(G) = xyXs aj + k - 1 = xyz8 fij 
for application of (I) we have r = s = 3 and t = w = k - 
4.1, 
i Vl 1 = ~ V2 i = 
+k-1. Thus, 
- 1. By Theorem 
T-1 s-1 
K(G) 2 n - x (j ~ 1) CL? - x (j - 1) & + tr + w - 2(t + w) 
3=1 Zi=l 
= 2k - (k) - (k) + 3(k - 1) + 3(k - 1) - 2(2k - 2) 
= 2k - 2, which is the actual vertex connectivity of G. 
EXAMPLE 4.1 (ii) [l, Example 2.l(ii)]. 
n=2k+l (k>3) 
G(k - 1, 2k - 1, k - 1) satisfies Wzk+1(3, 2 ,..., 2; 3, 2 ,..., 2) 
q=m=k IC(G) = 2k - 1 
E z=pz=k-l h(G) = p(G) = k - 1 
a3 = p3 = 1 
a!i = pi = 0; (i # 2, 3) 
CONNECTEDNESS OF CERTAIN GRAPHS 279 
q- aI = m - PI = k = h(G) + I 
r=s=3andt=jQ=k-2 
By (I) of Theorem 4. I ; 
K(G) > (2k + 1) - (k - I) - (k - 1) + 3(k - 2) + 3(k - 2) - 2(k - 4) 
= 2k - 1; the actual vertex connectivity of G. 
EXAMPLE 4.l(iii) [l, Example 2. I (iii)]. 
II= 5 
G(l,4,2) satisfies WS(3, 2; 3,2) where K(G) = 4. 
By (I) of Theorem 4.1, K(G) 2 4. 
n= 4 G(1, 3, 2) satisfies lV4(2, 2; 2,2). 
By (I) of Theorem 4.1, K(G) > 3. 
If n < 3, then K(G) > 3, by Corollary 3.1 .l. This follows since at most one 
element of either A or B may be a multiple-arc end point. 
Thus, Example 4.1 includes a graph G for each n > 4 wherein G satisfies 
some condition for an a-family of openly disjoint arcs and K(G) = n - 1, 
the lower bound (I) of Theorem 4.1. 
EXAMPLE 4.2(i) [l, Example 2.2(i)]. 
II = 2k (k 23) 
G(k - 1, 2k - 1, k) satisfies W&2 ,..., 2; 2 ,..., 2) 
qzmzk=a2=/3 2 K(G) = 2k - 1 
ai = pt = 0; (i # 2) h(G) = p(G) = k - 1 
q-aI=m-pI=k 
r = 3; t = k - 1; s = 1; w = 0 
By (I) of Theorem 4.1, K(G) > 2k - 1, the actual vertex-connectivity of G. 
EXAMPLE 4.2(ii) [l, Example 2.2(i)]. 
n = 2k + 1 (k > 3) 
G(k - 1, 2k, k) satisfies JVzk+1(3, 2 ,..., 2; 3, 2 ,..., 2) 
q=m=k K(G) = 2k 
c+=/.$=k-1 /z(G) =p(G) =k-1 
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a!?, = p3 = 1 
cxi = pg = 0; (i + 2, 3) 
q-o!l=m-/31=k 
By (I) of Theorem 4.1, K(G) > 2k, the actua1 vertex-connectivity of G. 
Thus, both Examples 4.1 and 4.2 show that the lower bound of (I) is best 
possible. The following Theorem 4.2 may be proven as a corollary of Theorem 
4.1, but a direct proof is more efficient The result of Theorem 4.2 is more 
specific than Theorem 4.1 and this result is useful in Section 5. 
THEOREM 4.2. Let G satisfy WJ& ,..., Iv ; kl ,..., k?,J and let 1 V(G)1 > 
q i-m. 
(i) Ifn = 4, 5, then K(G) > n - I. 
(ii) If n = 1, 2, 3, then K(G) = fz. 
ProoJ (i) Suppose G satisfies Ws(Zl ,..., IQ ; kl ,..., kvJ; it is impossible 
that max{q - c+ , m - fll] > 3 for n = 5. If either A or B has fewer than 
two multiple-arc end points, then K(G) > 5 by Corollary 3.1.1 or Corollary 
3.1.3. Suppose A and B each have exactly two multiple-arc end points. 
If S E C(G) has (VI , VJs with 1 V1 1 > 2 then K(G) > 5 by Theorem 3.1. 
Suppose 1 V1 1 = 1. If Z1 = 3, then we choose aI E VI and a2 E S. It follows 
that at least three elements of S - {as} must be adjacent to aI . Hence, 
K(G) = 1 S 1 > 4- If G is complete, then 1 V(G)1 > 5 by a similar argument. 
Hence K(G) > 4. If Z1 = Zz = 2, Is = 1, then we choose aI E VI , a2 E S, 
LL~ c S. Since aI must be adjacent to at least two vertices of S - {a2 , a3j, 
then K(G) = 1 S 1 > 4 for incomplete G. Again, 1 V(G)1 2 5 for a complete 
graph. 
Suppose G satisfies Wa(ll ,..., IQ ; kl ,..., kvJ. It follows that K(G) > 3 by an 
argument which is strictly analagous to the previous case of n = 5. 
(ii) If G satisfies Wn(ll >..., lg ; kl ,..., km) for n = 1,2, 3, then max 
Iq - al> ln - /$} < 1 and G is n-vertex connected by Corollary 3.1.1. 
5. REDUCTION OF ARC FAMILY 
Suppose G is p-vertex connected. By Theorem 2.2, then G satisfies any 
~“ZUl ,...> Zg ; kl ,..., km) for which n <p and \ V(G)1 < q + WZ. For example, 
consider complete graph & wherein K(&) = 7. Then & satisfies Wc(6; 4, 2) 
and Wa(2, 2; 1, I, 1, 1) and WT(7, 7). 
It is somewhat surprising to discover a certain large class of graphs wherein 
each G satisfies some Wn(ll ,..., IQ ; kl ,..., km) and K(G) < E - 1. In each 
of these graphs the reduction of one arc from the n-family arc property 
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then prohibits G from satisfying the modified property for an openly disjoint 
(n - 1)-family of arcs. More precisely, G satisfies W&r ,..., Zq ; k1 ,..., k,,J, 
but the same G does not satisfy lVnel(Z1 ,..., la-r , lg - 1; /Q ,..., &-r , km - 1) 
for identical n, Zi , kj values. 
For example, an elementary though tedious check will convince the reader 
that G(2, 4, 2) satisfies W6(2, 2, 2; 2,2, 2). It is easily seen as follows, 
that G does not satisfy WS(2, 2, 1; 2,2, 1). Choose a1 , a2 E UI ; as, bS E US ; 
b1 , bz G Us . A pair of single edges serve for two {aI , aZ} bZ-arcs. There are 
still three {aI , az} {bI , b&arcs required, but only two elements of UZ- 
(A u B) are available to serve as intermediate vertices of the openly disjoint 
5-arc family. Hence, G does not satisfy WS(2, 2, 1; 2,2, I). 
This phenomenon is due to the following: As G satisfies W,J& ,..., lg ; 
k 1 ,..., km), at least one multiple-arc end point of A and at least one multiple- 
arc end point of B must both belong to the same minimum cutset C of G. 
After a reduction in the arc family property there are fewer multiple-arc 
end points which are forced to belong to C. This in turn requires more arcs 
to pass through C between end points in distinct parts with respect to C. 
However, there are not sufficient elements of C to serve as intermediate 
vertices of arcs between parts. 
A more general example is proved by Examples 4.1(i) and (ii). It was 
shown that G(t - 1, 2t - 2, t - 1) satisfies W&2 ,..., 2; 2 ,..,, 2); where 
rz = 2t, q = m = i > 3, and aZ = L However, it is shown [2, p. 381 that 
G(t - 1, 2t - 2, t - I) does not satisfy WztpI(2 ,..., 2, 1; 2 ,... ~ 2, 1); where 
n=2t-1, q=m=t>3, ~~=/?$=l and a2=/32=t-l. This 
latter argument proceeds the same as for G(2, 4, 2) and WS(2, 2, 1; 2,2, 1). 
Similarly, G(t - I, 2t - 1, t - I) satisfies Wzf+I(3, 2 ,..., 2; 3, 2 ,..., 2); but 
G(t - 1, 2t - 2, t - 1) does not satisfy Wz (3,2 ,..., 2? 1; 3,2 ,.,., 2, 1) where 
n = 2t, q = m = t > 3, aS = flS = aI = PI = I, Ed = pS = t - 2. 
We now summarize the previous discussion together with the result of 
Theorem 4.2 in a single theorem. 
THEOREM 5.1. (i) Let p = 1, 2, 3. Let 6 satisfy W&‘,..., IQ’ ; kI’ ,..., kk,) 
and 1 V(G)] > q’ + ml. For any positive integers n, q, m such that n < p, 
q + m < q’ + m’, then G also satisfies W& ,..., lQ ; kI ,..., k,,J, 
(ii) Let p = 4, 5. Let G satisfy WS(lI’ ,..., lq, ; kI’ ,..., kk,) and 1 V(G)1 > 
q’ + m’. For any positive integers n, q, m sue11 that n < p - 1 and q + m < 
q’ + m’ then G satisjies W& ,..., lq ; kI ,..., km). 
(iii) Let p > 6. Then there exists some G which sati@es some Wp 
(11’ ,..., icy ; kI’ ,..., kin,), but G does not satisfy some other WJII ,..., Ia ; 
k I ,..., km) wherein n <p - I, andq + m <q’ + ml. 
Proof. (i)(ii) Immediate from Theorems 4.2 and 2.2. (iii) Such examples 
are given in Example 4.1. 
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The reduction of a single arc is not essential to the phenomenon of Theorem 
5.l(iii). It is possible to eliminate all the arcs of a multiple-arc end point. 
EXAMPLE 5.1 [I, Example 2.31. (i) n = 3t, (t > 4); G(t - I, 3t - 4, 
t - 1) satisfies W&3 ,..., 3; 3 ,..., 3) wherein c+ = ,& = q = m = t. But 
G(t - I, 3t - 4, t - 1) does not satisfy W&3 ,..., 3; 3 ,..., 3) wherein 
ES=pS=q=m=t-l. 
(ii) n = 3t + 1, (t 2 4); G(t - 1, 3t - 3, t - I) satisfies WStS1(4, 
3 ,..., 3; 4, 3 ,..., 3) wherein o!~ = j$ = q - 1 = m - I = t - 1. But G(t - 1, 
3t - 3, t - 1) does not satisfy WStpz(4, 3 ,..., 3; 4, 3 ,..., 3) wherein c+ = 
p3 = t - 2. 
(iii) n = 3t + 2, (t > 4); G(t - 1, 3t - 2, t - 1) satisfies W8t+z(5, 
3 ,.*., 3; 5, 3 ,..., 3)whereinaz=pz=q-l=k--l=t-l.ButG(t-1, 
3t - 2, t - 1) does not satisfy W&5, 3 ,..., 3; 5, 3 ,..., 3) wherein c+ = 
p3 = t - 2. 
Further examples follow easily from similar techniques. 
6. CLASSIFICATION 
It is now possible to classify a graph G which satisfies W& ,..., lg ; 
k I ,-..> km). Examples show that bounds stated within these classes are best 
possible. 
THEOREM 6.1. Let G satisJy W,& ,..., Zq ; k1 ,..., k,J and 1 V(G)1 > 
q i- m. If G is not complete then G satisjies the lower bound (I) of Theorem 4.1. 
If G is not ~+vertex connected then G satisjes exactly one of the-following: 
(i) ~(G)<n-l,and[V(G)i<n+2max{q-~~,m-/$}-3; 
(ii) K(G)<=-1; und jV(G)i>n+2 max{q-al, m-p1j-2; 
and h(G) < min{q - a1 - 1, m - /$ - I}; and at most one part P with 
respect to any A’5 C(G) wiI1 have 1 V(P)1 > min{q - al, m - ,Q. 
PPOOJ Let G be a complete graph which satisfies the hypothesis. Suppose 
that max{q - o!~ , m - pl} 2 2. If complete graph G is not n-vertex con- 
nected then 1 V(G)] < 7z < 12 + 2 max{q - al, m - ,Q - 3. Suppose that 
max{q - a1 , m - plj < 1. Then K(G) > n by Corollary 3.1.1. 
Let G be an incomplete graph which satisfies the hypothesis. Suppose 
K(G) < n - 1 and 1 V(G)! > n + 2 max{q - al, m - &j - 2. If any 
$ E C(G) has (V1 , V&. such that 1 VI 1 > min{q - c+ , m - &} then h(G) > 
min{q - a1 , m - ,&I and Theorem 3.l(ii) is contradicted. Hence h(G) < 
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min{q - a1 - I, m - ,& - 11. For these constraints, it is still possible for 
1 Vz 1 to be arbitrarily large. 
Suppose some C E C(G) admits two distinct parts, PI and Pz , such that 
! Will > maxtq - al , m - PI] and 1 V(P& 2 max{q - a1 , m - ,h’J. Then 
(VI, V& has 1 Vs 1 > 1 V1 ] > min{q - CQ , m - /II}. It follows that /z(G) > 
I JTl I 2 mink - CQ, m - ,Q, which is impossible. Hence, at most one 
part P with respect to any s E C(G) has 1 V(P)1 > min{q - CV,~  m - ,&I. 
Examples show that all bounds of Theorem 6.1 are best possible+ Further- 
more, let n > 6 and W& ,..., lq ; kl ,..., k,J be given such that min{q - LY.~ , 
m - ,&} > 2. Then there exists a graph G which satisfies W& ,..., l* ; 
k 1 ,..*, km)andK(G) =rz-1. 
In order to see that the bound for 1 V(G)] in Theorem 6.1(i) and Theorem 
3.l(ii) is best possible then consider the following result by Mesner and 
Watkins. 
EXAMPLE 6.1 [4, Theorem 51. Let PZ be a positive integer. Let kl ,..., km 
be a nonincreasing sequence of positive integers such that XL1 kj = rr and 
j31 < m - 3. Then G(m - ,!$ - 1, n - 1, m - /$ - I) satisfies W&z; 
k 1 ,..., km) and K(G) = n - 1. In Example 6.1, m - ,& > 3, 1 V(G)] = 
n + 2 max{q - a!1 , m - pl] - 3 and /z(G) = nr - /31 - 1 > 2 > 1 = 
q--al* 
In order to see that the bounds of Theorem 6.l(ii) are best possible then 
consider Example 4.2. For n = 2k, (k > 3), then G(k - 1, 2k - 1, k) 
satisfies Wzfi , (2 ,..., 2; 2 ,..., 2) where ] V(G)] = 4k - 2 = n + 2 max{q - C+ , 
82 - /Q - 2 and k(G) = k - 1 = min{q - a1 - 1, m - fil - 1). For 
n = 2k + 1, (k > 3), G(k - 1, 2k, k) satisfies WS7C+l(3, 2,..., 2; 3, 2 ,..., 2). In 
this case, ] V(G)] = 4k - 1 = rr + 2 max{q - al, m - /II} - 2 and 
k(G) = k - 1 = min{q - a1 - 1, m - ,& - l}. Hence, the bounds of 
Theorem 6.1 (ii) are best possible for rz > 6. 
Let n > 6 and W,& ,..., IQ ; kl ,..., km) be given. Some arbitrarily large 
graph G which belongs to the class of Theorem 6.l(ii) then also satisfies 
J+L.UI >-+., 4 ; kl ,--., k,J- 
THEOREM 6.2 [2, Theorem 2.131. Let n and N be positive integers such 
that n > 6 and N > 2n. Let positiue integer t and WJIl ,..., lq ; kl ,..., km) be 
such that 2 < t + 1 < min{q - aI, m - ,Q. Then G = G(t, n - 1, N) 
satisjies Wm(ll ,..., lq ; kl ,..., km) where K(G) = n - 1. 
Sketch ofprooJ The full proof involves elaborate notation for vertices 
in the counting argument. However, the technique is apparent from a brief 
sketch. 
Consider G = G(t, n - 1, N) where V(G) = lJ1 u Uz u l-J3 ; ] U1 \ = t, 
I Uz 1 = n - I, I Us ] = N. Section subgraph G(lJz u UJ = KN+nel , a 
284 ALWIN C. GREEN 
complete graph, which is at least 2n-vertex connected. If (A u II) L tJ2 u Us , 
then G satisfies Wn(ll ,..., lq ; kl ,..., km) by Theorem 2.2. 
Suppose A n U1 # JZ and B n U1 # @. At least one multiple-arc end 
point of A and at least one multiple-arc end point of B must belong to U2 u US 
because h(G) = ! Ul 1 = t < min{q - CX~ - 1, m - /$ - 1} by hypothesis. 
It follows that A f~ Ul is a set of end points for at most (FZ - 2) arcs of the 
openly disjoint family of A3 arcs. Similarly, B n Ul is a set of end points 
for at most (n - 2) arcs of the same family. 
If A n U2 = a, then each element of A n Ul may be linked, by single 
edges, to an appropriate number of distinct vertices of Uz . These single 
edges are the initial edges of the requisite number of AB-arcs from each 
arc end point of A n U1 . If US r? A # @, then every element of A n U2 
represents a reduction from FZ of at least one arc in the number of AB-arcs 
which exit from U1 to US . Hence, there remain sufficient vertices of US - A 
to serve as the requisite number of end points of initial edges of AB-arcs with 
arc end points belonging to A n Ul . Let Q denote the subset of lJ2 - A 
which serves as the second vertices of AB-arcs with arc end points belonging 
to A n Ul . 
Similarly, each element of B n Ul may be linked by a single edge to an 
appropriate number of vertices of U2 - B. These single edges serve in the 
requisite number of AB-arcs from each arc end point of B n Ul . Let this 
subset of ( lJz - B) which are linked by a single edge to ( Ul n B) be denoted 
by B. 
If Q n R # @, then elements of Q n R serve as intermediate vertices of 
2-edge AB-arcs. Regardless, it only remains to show that an openly disjoint 
family of at most FZ arcs exists in G(U2 u U3) between (Q u A) and (R U B). 
Such a family does exist by Theorem 2.2. 
If either A n Ul = @ or B n Ul = ~3, then the previous argument 
prevails along a more simple course. Hence, G satisfies the given W,&.., Zg ; 
k 1 ,..., km)butK(G)=fl-l. 
The converse of Theorem 6.1 is false. It is easy to find graphs of the form 
G(O1 , 1!9~ , &) which may satisfy either 6.1(i) or 6.l(ii), but the graph does not 
satisfy some corresponding Wn(Zl ,..., IQ ; kl ,..., k,,J. 
In summary, a graph which satisfies Wn(ll ,..., IO ; kl ,..., km) is classified in 
terms of certain bounds on vertex-connectedness, vertex sets, and the structure 
of parts with respect to minimum vertex cutsets. Extremal examples are 
given to show these bounds are best possible. 
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